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Dedicated to the memory of Professor A. V. Roiter 

Abstract. Let G be a noncyclic group of order 4, and let K = Z, Z( 2 ) and Z2 
be the ring of rational integers, the localization of Z at the prime 2 and the ring of 
2-adic integers, respectively. We describe, up to conjugacy, all of the indecomposable 
subgroups in the group GL(m, K) which are isomorphic to G. 



The first explicit description of the Z-representations of the noncyclic group G of 
order 4 was obtained by L. Nazarova [4,5]. This description was significantly simpli- 
fied and clarified after the discovery of the connection between the ^-representations 
of the group G and the representations of a certain graph with five vertices defined 
on linear spaces over the field of two elements [2]. 

Let K = Z, Z(2)j or Z2 be the ring of rational integers, the localization of Z at 
the prime 2 and the ring of 2-adic integers, respectively. Let G = (a, b) = C2 x C2 
be a noncyclic group of order 4. 

Let DJl n (n > 1) be the set of all polynomials f(x) of degree n over the field of 
two elements F2 which satisfy one of the following conditions: 

• f(x) is irreducible over F2; 

• f(x) is a power of a nonlinear irreducible polynomial over F2. 
Define an action of the group 

Aut(G) = (cr 1 ,cr 2 \o~i(a) = 6, 01(b) = a, 

02(a) = a, (12(b) = ab, a, b G G) = S3 

on the set 9Jt n by f ai (x) = x n f(x~ 1 ), f° 2 (x) = f(x + 1), where f(x) G Wt n 
and n = deg(f(x)). 

By 9Jl' n we denote the set of the orbits of the set Wl n under the action of the 
group Aut(G). Let 

ei = \(1 + a)(l + b); e 2 = J(l - a)(l - b); 

e 3 = J(l + a)(l-6); e 4 = J(l - a)(l + 6), lJ 
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be the four primitive idempotents of the group algebra FG over a filed F containing 
K. The corresponding irreducible ^-representations of these idempotents have the 
following form: 

Xi ■■ a i-> 1, b i-> 1; X2 : a i-> -1, b i-> -1; ,^ 
X3 : a !— > 1, & !— > —1; X4 : a i— > —1, 6 i— > 1. 

The representations %i (i = 1, . . . , 4) are realized in the KG- module KGei = Kei 
of the group algebra FG. 

Consider the following ^-representations V of the group G = (a, b) = C 2 x C 2 
which were introduced in [3]. In the following we shell refer to them as (L): 
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The module M is called a module of the ^-representation of the group G if M 
is a -ftTG-module with finite KG basis. 



Lemma 1. If M is a module of the K -representation F of the group G and M 
does not contains regular direct summands, then 



(l + a)(l + 6)M C 2M. 



(3) 
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Proof. Let K = K/2K be the field of 2 elements. From the description of the 
^-representations of group G = C 2 x G2 (see [1]) follows that if M is a module of 
indecomposable ^-representation of G and M 7^ KG, then 

(l + a)(l + 6)M = 0. (4) 

Let M be a module of an indecomposable ^-representation of G and M 7^ KG. 
The description of the ^-representations of G (see [4,5]) shows that M = M/2M 
is a sum of indecomposable -KTG-modules, and it is different from KG. Hence from 
(4) follows (3), so the proof is complete. 

Let M be a module of the .KT-representation of the group G = C2 x C 2 , which 
satisfies the condition of Lemma 1. Put M' = e x M + e 2 M + e 3 M + e 4 M C FM, 
where V = M'/M, Mi = e t M + M and V t = M t /M (i = 1,2,3,4). Clearly, by 
Lemma 1 we get that 2M' C M, 2Mi C M and V ,V l (i = 1,2,3,4) are vector 
spaces over the field F 2 = K/2K. These spaces form a diagram 

Vi v 3 

\ ^ 

Vo 

/ \ 

v 2 v 4 

in which the arrows correspond to homomorphisms generated by the embeddings 
of Mi to M' (i = 1, . . . , 4). Thus, the 5-tuple of linear spaces (V ; VI, V 2 , V 3 , V 4 ) is 
a representation of the following graph on five points: 

1 3 

\ y 

(5) 

/ \ 

2 4 

The following quadratic form 

= xl + x\ + x\ + x\ + x\ - x (x 1 + x 2 + £3 + X4) 

is defined on 5-dimension vectors corresponding to the graph (5), where x = 
(x ;xi,X2,x s ,x 4: ) e Z 5 . 

A vector x = (xq; xi, x 2 , X3, X4) G Z 5 is called a positive root of the form 
B if B(x) = 1 and Xi > 0, where i = 0, . . . , 4. The dimension vector 
d(T) = (do;di,d2,d3,d4) of a ^-representation V of the group G is denoted by 
di = dim^ 2 Vi, where V(T) = (V*o; V\, V*2, V3, V4) is the 5-tuple of linear spaces cor- 
responding to the representation T. 

We know (see [2]), that if V is an indecomposable ^-representation of the group 
G, which is different from the regular and irreducible representations, then either 
B(d(T)) = or d(T) is a positive root of the form B(x) (i.e. B(d(T)) = 1). In 
addition, do > and ^1+^2+^3+^4 > 1 for any positive root d = (do; d\, d 2 , <i 3 , d^). 
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Moreover, for every positive root d = (do; d±, d,2, (I3, (I4) such that do > 1 and 
d\ + d2 + ds + d± > 1 there exists only one indecomposable ^-representation of the 
group G, such that the degree V is equal to d\ + d2 + ds + d±. 

Clearly, the one parameter family of indecomposable ^-representations of the 
group G of degree 4m corresponds to the vector d = (2n; n, n, n, n) (of course, 
B(d) = 0). The positive roots of the form B are listed in the following table: 



m = d\ + d,2 + d% + <^4 


d = (do; (^1,(^2,^3,^4) 
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Table 1. 



where t(m) denotes the number of roots with prescribed m and do- These roots are 
obtained from the root d by permutations of its components di, c?2, ^3, d^. 

First we describe the indecomposable ^-representations V of G with common 
dimension vector d(T) = (2n;n,n,n,n) (we recall that B(d(T)) = 0). 

We will consider each polynomial f(x) G F 2 [ x] clS cl polynomial over K, replacing 

/0 a \ 

. / 1 ai 

0, 1 G F 2 by 0, 1 G respectively. Define f(x)= . ■ with the help of 

\0 la„_i/ 

the corresponding matrix of /(x) = x n — a n -\x n ~ x — ■ ■ ■ — a\x — ao G F2[x]. 

Each polynomial f(x) £ 97l n U{x n , (x+l) n }, where Wli = 0, defines the following 
indecomposable ^-representation of the group G: 



At : a 



E n Un 
-E n U22 
-E n 

En 




where only one of the matrices Uij (1 < i,j < 2) is equal to f(x), and the three 
other Uij are equal to E n . 

Suppose that $(f(x)) is exactly that representation A/ for which U12 = f(x). 
For every ^-representation V of the group G and for an automorphism e Awt(G) 
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we define a K- representation of the group G by T^(g) = T((f>(g)), where g G G. 
The i^-representations T and are called conjugate. 

Lemma 2. Let V be either an indecomposable K -representation from the list (L) 
or its tensor product with the character \i from (2). Then we have: 
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A n <g> X2 
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(2n; n, n + 1, n, n) 
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Proof. We prove it for T = A n> i. 

{Vi, ... ,V n ,U!,... 



Table 2. 

Let 

,u n+ i,wi, . . 



, Wn+l, fl, ■ ■ ■ , fn+l} 



be a basis of the module M of the K-representation A n> i. Clearly, 
e x vi = ^(1 + a)(l + b)vi = vf, e x Ui = 0; 

e\Wi = |(1 + a)(2tyi + it;) = 

ei/ i = i(l + 6)(2/ i + u i ) = 



2 ^' 



i^n+1; 



0, z = n + 1; 

z = 2, ... ,n + l; 
10, 1=1; 
e 2 fj = ^(1 - a)(l - = 0; e- 1 u i = u i ; 
e2Wi = |(1 - a)«i = e 2 fi = \(l - b)(-Ui) = 



e 3 Vi = |(1 + a)(l - = 0; 63^ = 0; e 3 Wi 



e 3 f i = \(l-b)(2f i + u i ) = 



fi + \{Ui - Uj-l), 



: -J(l + a) Ui = 0; 
z = 2, . . . , n + 1; 
i=l; 



e 4 Vi = \(1 - a)(l + b)vi = 0; e 4 -Uj = 0; 

= -1(1 - 6) Ui = -i-u- e 4 fi = -\(l + b)u t = 0. 
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Since V t = (e;M + M) jM we have that 

V\ =(\vi + M | i = 1,... ,n); V 2 = (|ui + M | i = 1, . . . ,n+ 1); 
V 3 =(|mi + M, \{ Ui - Vi-x) + M | i = 2, . . . , n + 1); 
y 4 =(-| Ui + M | i = 1, . . . , n + 1). 

Finally, it is easy to check that 

V = {\ui + M, \vj + M | % = 1, . . . , n + 1; j = 1, . . . , n) 

and d(A nj i) = (2n + 1; n, n + 1, n + 1, n + 1), so the proof is complete. The proofs 
for other representations T are similar to this one. The lemma is proved. 

Lemma 3. Let K G {Z, Z( 2 ),Z 2 }. E/p to conjugacy, all indecomposable K -repre- 
sentations r of G = C*2 x C 2 , with common dimension vector d(T) = (2n; n, n, n, n) 
belong to the either 3(f(x)) (f(x) G 97t n U {x n , (x + l) n }) or to $(f(x)) = 
$(x n ) <S> X2, where % 2 is from (2). 

Up to equivalence, all indecomposable K -representations Y of G with d(T) = 
(2n; n, n, n, n) belong to one of the following types: 

• $(f(x)), f(x)em n U{x n ,(x+l) n }; 

• (S(x n )) ffl ; 

• d'(x n ); 

• (&(x n )yi; 

• ($'(x n )) a2 , where a 1 ,a 2 G Aut(G). 

Proof. The analysis of well known Nazarova's results on the representations of 
the group G (see [3,4]) shows that an indecomposable ^-representation T of G, 
such that d(T) = (2n;n,n,n,n), is equivalent to one of the representations Af, 
where f{x) G 9Jt n U {x n , (x + l) n }, except the ^-representation ($'(x)) a2 , which 
is equivalent to the following representation: 
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where Jfc(l) is a Jordan block of dimension k with ones in the main diagonal, 
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So the lemma is proved. 
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In the next Theorem among other ^-representations of the group G we list those 
indecomposable ^-representations Y such that d(T) is a root of the form B(x) (i.e. 
B(d(T)) = 1). Analyzing Nazarova's classification [4,5], we can see that any such 
obtained ^-representation V can be derived from O and x%i (where O is from (L), 
Xi is from (2)) by one of the following operations: 

• taking its conjugate O^, where </> G Aut(G); 

• taking the contragradient ^-representation O* (0*(g) = T ((7 _1 ), g e G); 

• taking the tensor product O <g> Xi- 

Our main result reads as follows: 

Theorem. Let K = 7L, Z( 2 ), or Z 2 be the ring of rational integers, the localization 
of 'Z at the prime 2 and the ring ofl-adic integers, respectively. All indecomposable 
subgroups in the group GL{m,K) which are isomorphic to the group G = (a, b) = 
C2 x C2 can be described, up to conjugacy, by groups which are generated by matrices 
T(a) and T(b), where V is a K -representation of G from the following table: 
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Table 3 
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Here St(T) = {</> G Aut(G) \ F^ is equivalent to F} is the stabilizer of F in 
Aut(G), S(T) = jj0^y is the number of non- equivalent K -representations which 
are conjugate to F, F* is the contragradient K -representation of F , defined by 

r*(^) = r T (^- 1 ) (geG). 

Proof of the Theorem. Let G\ and G2 be subgroups in GL(m, K) isomorphic 
to G = (a, b) = C 2 x C 2 with isomorphisms I\ : G i-> Gi, (i = 1, 2). Then I\ is a 
faithful ^-representation of G. By definition, the ^-representation ri is conjugate 
to the ^-representation T2, if there are exist C G GL(m, K), <p G Aut(G), such 
that C~ 1 Fi((p(g))C = ^((7), where g G G. In other words, ^-representations F± 
and F 2 of the group G are conjugate, if the groups Fi(G) and F2(G) are conjugate 
in GL(m, K). This implies the "if part of the Theorem. 

Now suppose Gi and G 2 are conjugate in GL(m,K) and r : G\ 1— > G 2 is an 
isomorphism such that r(^) = C~ x gC for some matrix C G GL(m, K), where 
g <E G. Obviously, the map 

: G — Gi -^-> G 2 — - — ► G 
is an automorphism of G and 

Fi(g) = iyrjVrxfo)) = r(r 1 (^)) = c^r^c, 

where g E G, i.e. the ^-representations Ti and T 2 are conjugate. 

Let r be a faithful iiT-representation of G, let St(F) be the stabilizer of F in 
Aut(G) and let {gi, . . . , g t } be a system of representatives of the cosets of Aut(G) 
by St(F). Then j i = 1,... ,£} is the set of the pairwise nonequivalent 

^-representations of G, which are conjugated with F. 

If T is an indecomposable K-representation of G and d(F) is a root of the form 
B(x), then d(r*) (0 G Au*(G)) is also a root of the form B(x). The vector d(F^) 
can be obtained from the vector d(F) = (do; d±, d 2 , ds, d^j by a permutation of the 
last four components of d(F). It follows, that S(F) (see Table 1) is the number of 
roots, which we obtained from d(F) by permutation of some components in d(F). 

To finish the proof, we must compare the number of ^-representations of degree 
m in Table 1 to the sum of all t(m) for a given m in the Table 3, and then we can 
apply Lemma 3. So the lemma is proved. 

Remark. Let us substitute each K -representation F of G in Table 2 by F a . Here 
a denotes a coset of Aut(G) by St(F). In this manner we obtain all faithful inde- 
composable K -representations of G up to equivalence. 

The proof of this Remark follows from the analysis of the classification of the 
representations described by L. Nazarova [3,4]. 
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